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Nomenclature
n = number of uncertain parameters incorporated

in Monte Carlo simulation
Pj = upper cumulative probability of p j (x)
PN j = upper cumulative probability of φ(z)
p j (x) = probability of x failures occurring calculated

by using a hypergeometric distribution when
the null hypothesis is assumed

r = probability of taking each element of εF to create ε∗
F

z(x) = transformed random variable that has standard
normal distribution

z′ = continuity collection of z for an upper
cumulative probability

α = level of significance
εF = uncertain parameter vector that yields unsatisfactory

simulation result
ε∗

F = test vector created from εF

φ(z) = probability density function of a standard
normal distribution

Introduction

A SIMPLIFIED method is presented for identifying influential
uncertain parameters in Monte Carlo simulation. When this

method is used, the identification of influential uncertainties is more
convenient and practical for engineers compared to the exact statis-
tical test that is described in Ref. 1 because only a simple statistical
test is required.

As computer power has increased, Monte Carlo simulation has
become recognized as an effective and powerful tool for sys-
tem evaluation in the development of aerospace vehicles.2−6 The
advantages of the Monte Carlo simulation are that 1) the non-
linear system can be evaluated directly, 2) the results reflect
the influences of combinatorial effects of various uncertain pa-
rameters, and 3) the uncertain parameters can be determined
as physical values. The primary objective is to maximize the
probability of mission achievement obtained from Monte Carlo
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simulation, in other words, to minimize the probability of simu-
lation outcomes in which the system fails to achieve its design ob-
jective. To achieve this, it is necessary to identify those uncertain
parameters that have the greatest influence on such unsatisfactory
simulation results. Once these influential parameters are identified,
the most effective measures can be considered to improve the sys-
tem to increase the probability of mission success, such as redesign
of the control system, improvement of hardware such as sensors
and actuators, or further ground testing. However, identifying those
uncertain parameters is sometimes difficult because various uncer-
tain parameters are incorporated in the simulation randomly and
simultaneously.

An identification method by an exact statistical test that utilizes
a hypergeometric distribution was presented in Ref. 1. However,
the exact test may be practically inconvenient; because the hy-
pergeometric distribution includes binomial coefficients that be-
come huge as the number of samples increases, the computa-
tional ability of even a modern computer may be exceeded. For
this reason, this Note presents a simplified statistical test utiliz-
ing a normal distribution and investigates and demonstrates its
validity.

Identification of Influential Uncertainties
This section introduces the principle of the identification method-

ology. The identification procedure consists of two main steps. In
the first step, Monte Carlo simulation for identification (MCSI) is
performed by using test vectors that are generated from uncertain
parameter vectors that cause unsatisfactory simulation results. In
the second step, the influential uncertain parameters are identified
by applying a statistical hypothesis test to the results of MCSI. The
following discussion first briefly explains test vector generation and
MCSI. Next, the identification method with the exact test which was
introduced in Ref. 1 is described.

Test Vector Generation and MCSI
After a system is evaluated by Monte Carlo simulation, an un-

certain parameter vector εF that yields an unsatisfactory simulation
result is obtained. A test vector ε∗

F is created from εF as shown in
Fig. 1. Elements of ε∗

F are randomly chosen from those of εF with a
probability of r = 1

2 , and NMCSI test vectors are generated. The pur-
pose of generating the test vectors is to create various combinations
of uncertain parameters using the elements of εF to investigate the
influence of each uncertain parameter εF ( j).

Next, NMCSI MCSI runs are performed by using the NMCSI test
vectors. From the results of MCSI, NF unsatisfactory simulation
results occur among the NMCSI simulations. The number of simula-
tion cases that have a nonzero value of the j th uncertain parameter
is M j , and MF j unsatisfactory cases occur among M j simulations.
The relationship among NMCSI, NF , M j , and MF j is shown in Ref. 1.
If MF j is sufficiently large, the j th uncertain parameter is likely to
be influential. Influential uncertain parameters are then identified by
a statistical hypothesis test.

Exact Hypothesis Testing
In hypothesis testing, a null hypothesis is assumed to be tested.

If the data in the sample strongly disagree with the null hypothesis,
the null hypothesis is rejected and the conclusion is the negation
of the null hypothesis. For identifying influential uncertain
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Fig. 1 Generation of test vectors.

parameters, the null hypothesis is “Each uncertain parameter
has no influence on whether or not the result of MCSI is
satisfactory.”

Under the null hypothesis, the probability of x failures occur-
ring among M j simulations, p j (x), is given by the hyper-geometric
distribution7:

p j (x) = [(
NF Cx

)(
NMCSI − NF CM j − x

)]/
NMCSI CM j

x = 0, . . . , xmax, xmax = min{M j , NF } (1)

Because x is a discrete value, p j (x) also has a discrete type of dis-
tribution. The probability that the failure x occurs the same number
of times as, or more often than, the experimental result MF j is given
by

Pj = Pr[x ≥ MF j ] =
xmax∑

x = MF j

p j (x) (2)

where Pr[ ] indicates a probability. The upper cumulative probability
Pj is called the p value, that is, the smallest significance level at
which the null hypothesis would be rejected for the obtained MF j

(Ref. 7). From Eq. (2), as MF j becomes larger, the p value becomes
smaller and the null hypothesis is likely to be rejected.

The p value is calculated for each uncertain parameter ε( j), j =
1, . . . , n. It is necessary to find those uncertain parameters that have
a sufficiently small corresponding p value. If Pj is smaller than the
level of significance α, the null hypothesis is rejected and the j th
uncertainty is determined to be an influential uncertain parameter.
The value of α is determined by the practitioner, and Ref. 1 gives
guidelines as to its value.

Simplified Hypothesis Testing
The simplified hypothesis test utilizes a normal distribution in-

stead of a hyper-geometric distribution. Though this is an approx-
imation, it avoids computational inconvenience. The principle of
the simplified hypothesis test is described next and its accuracy is
examined in the next section.

Under the null hypothesis, the exact probability distribution is
given by Eq. (1), which includes binomial coefficients. If the bi-
nomial coefficients are calculated directly, their values become ex-
tremely large and computational burden becomes excessive as the
number of simulations NMCSI becomes large. Although a large value
of NMCSI is desirable to obtain reliable results in hypothesis testing,

it may be impossible to carry out the binomial coefficient calcu-
lations even if a modern computer is used. Moreover, specialized
statistical software may be necessary to perform the identification,
but it would be more convenient practically if the Monte Carlo
simulation and the identification could be easily performed by the
same software package. The simplified hypothesis test does not
require specialized statistical software and so makes this feasible.
The advantages of the simplified hypothesis test are, therefore, that
1) both the Monte Carlo simulation and the identification can be
easily performed automatically by the same software, 2) software
and human resources costs are reduced, and 3) computational time is
reduced.

The simplified test uses a normal distribution to avoid the incon-
venience of the hypergeometric distribution. The number of failures
x in Eq. (1) is transformed by a large-sample approximation,7

z(x) = [x − (M j · NF )/NMCSI]

/

√
M j · NF · (NMCSI − M j ) · (NMCSI − NF )

N 2
MCSI · (NMCSI − 1)

(3)

Random variable z is a normalized number of failures x and has
a standard normal distribution. This large-sample approximation is
improved by using a continuity collection. For upper cumulative
probabilities, 1

2 is subtracted from the numerator,7 namely,

z′
j = z

(
MF j − 1

2

) = [(
MF j − 1

2

) − (M j · NF )/NMCSI

]/

√
M j · NF · (NMCSI − M j ) · (NMCSI − NF )

N 2
MCSI · (NMCSI − 1)

(4)

For each uncertain parameter j , the approximated p value is ob-
tained by

PN j = Pr[z ≥ z′
j ] =

∫ ∞

z′
j

φ(z) dz (5)

PN j corresponds to the exact value of Pj and is obtained us-
ing standard statistical tables by looking up values correspond-
ing to z′

j . As shown in Eq. (4), z′
j is easily calculated even

when NMCSI becomes large because it does not include binomial
coefficients.
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A further important feature of the simplified test is that the as-
cending order of z′

j , j = 1, . . . , n, corresponds to the descending
order of PN j . This means that the order of PN j is found when z′

j
is obtained without calculating PN j . In parameter identification, an
uncertain parameter is likely to be influential when the correspond-
ing p value is small, and so it is necessary to find uncertain pa-
rameters that have small p values. Although in the exact test the
order of Pj is unknown until the values of Pj is calculated by using
Eqs. (1) and (2), which include binomial coefficients, in the simpli-
fied test candidates of the influential uncertain parameter are found
just after z′

j is calculated. The simplified test is, therefore, more
convenient for practitioners. In the next section, the difference be-
tween the identified results of the exact test and the simplified test is
discussed.

Approximation Error of the Simplified Test
The accuracy of the simplified test is now investigated. As in-

fluential uncertain parameters are detected by p value, for the in-
vestigation the approximated value PN j should be compared with
the exact value Pj . The simplified p value, PN j (z), is obtained by
Eq. (5), which is an integral of standard normal distribution. How-
ever, because the exact p value Pj (x) is a function of x given by
Eq. (2), the corresponding value of z is necessary to compare with
PN j .

When a continuity collection is considered, the corresponding
value of x is z′

j , which is given by Eq. (4). Because each uncertain
parameter is included in a test vector with a probability of r = 1

2 as
shown in Fig. 1,

M j ≈ NMCSI/2 (6)

a) Comparison of p values

b) Approximation error

Fig. 2 Comparison between exact and approximated p values: R = 0.5.

Thus, Eq. (4) becomes

z′
j (MF j ) ≈ [(

MF j − 1
2

) − R · NMCSI/2
]/

√
N 2

MCSI · R · (1 − R)

4 · (NMCSI − 1)
(7)

where

R = NF/NMCSI

The corresponding exact p value Pj (MF j ) is obtained from Eqs. (1)
and (2):

Pj (MF j ) =
xmax∑

x = MF j

{
R · NMCSI Cx

} · {(1 − R) · NMCSI CNMCSI/2 − x

}

NMCSI CNMCSI/2
(8)

For fixed value of R, the relationship between z′
j and Pj is ob-

tained by Eqs. (7) and (8) and depends on the number of simulations
NMCSI, whereas the relationship between z′

j and PN j is independent
of NMCSI.

a) ∆Azrandom

b) ∆Axrandom

c) ∆Cmα

Fig. 3 Example of p value comparison for three identified uncertain
parameters: ××, exact value Pj and �, approximated value PNj.



1074 J. SPACECRAFT, VOL. 41, NO. 6: ENGINEERING NOTES

As an example, Fig. 2 shows exact p values for NMCSI = 100,
1000, and 10,000 when R = 0.5. The approximated value PN j is
also shown as a solid line. The vertical axis of the graph has a log
scale. As shown in Fig. 2a, the approximated value PN j is almost
coincident with the exact values Pj when NMCSI is more than 100.
Approximation errors, �Pj , are in Fig. 2b. �Pj is determined as

�Pj = PN j − Pj (9)

The approximation errors become small as z becomes large. In other
words, the approximated value PN j approaches the exact value Pj as
the p value becomes small. Also note that the approximated values
PN j are always greater than the exact values Pj because �Pj is
always positive. This means that whenever an uncertain parameter is
classified as influential by the simplified test, it will also be classified
as influential by the exact test. Although Fig. 2 only shows the result
for R = 0.5, similar results can be obtained for other values of R.
From this investigation of approximation error, the simplified test is
shown to be valid and convenient for practical use.

Example
To demonstrate the validity of the simplified test, its results are

compared with those obtained by the exact test of Ref. 1. In this
example, the system is the experimental vehicle for an automatic
landing flight experiment,6,8 which was conducted to establish au-
tomatic landing technology for a future Japanese unmanned reentry
vehicle.

In Ref. 1, after the system was evaluated by Monte Carlo simu-
lation, influential uncertain parameters on the touchdown sink rate
were identified by the exact test. As a result, three influential un-
certain parameters were found: an aerodynamic model error �Cmα

and measurement random noises of accelerometer �Azrandom and
�Axrandom. The p values of these identified parameters vs NMCSI

are indicated in Fig. 3 with a symbol ×. The corresponding p val-
ues obtained by the simplified test are indicated in Fig. 3 with a
symbol �. The horizontal thick solid line indicates the level of sig-
nificance α(= 0.001, namely, 0.1%), and an uncertain parameter is
determined as influential when its p value is less than α. In this
example, the value of R is about 0.13.

The results show that the approximated p values are almost coin-
cident with the corresponding exact values. In the graph of �Cmα ,
although the difference between the exact and the approximated
p values appears to become large as NMCSI becomes large, in fact
the difference becomes small as NMCSI becomes large because the
vertical axis is shown on a log scale. Furthermore, whenever an

uncertain parameter is determined as influential by the simplified
test, the parameter is always determined as influential by the exact
test as already discussed. This example, therefore, demonstrates that
influential uncertain parameters can be effectively identified by the
simplified hypothesis test.

Conclusions
A simplified approach of identifying influential uncertain param-

eters in Monte Carlo analysis was presented, and its validity was
investigated. Because computational inconvenience is avoided, the
simplified test can be easily applied even when a large number of
simulations is required for the identification. The accuracy of the
simplified test was investigated, and the validity of the simplified
approach was demonstrated in an example. The simplified test is
found to be practically efficient, and by its application, Monte Carlo
simulation will become a still more efficient tool for system evalu-
ation in the development of flight vehicles.
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